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NONLINEAR OPERATIONS AND THE SOLUTION
OF INTEGRAL EQUATIONS!
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JON C. HELTON

ABSTRACT. The letters S, G and H denote a linearly ordered set, a normed
complete Abelian group with zero element 0, and the set of functions from
G to G that map 0 into 0, respectively. In addition, if ¥ € H and there
exists an additive function a from S X S to the nonnegative numbers such
that |V(x, )P = V(x,»)Q|l < a(x,y)|P — Q|| for each {x,y, P, Q} in
SXSXGXG,thenV €05 only if (VP exists for each {x,y, P} in
S XS XG,and V €09 onlyif ,I”(1 + V)P exists for each {x, y, P} in
S X S X G. It is established that ¥ € 0§ if, and only if, V € 9. Then,
this relationship is used in the solution of integral equations of the form
J(x) = h(x) + fX[U(u, v)f(u) + V(u, v)f(v)], where U and V are in 0S.
This research extends known results in that requirements pertaining to the
additivity of U and V are weakened.

1. Introduction. Product integration is used to obtain solutions for linear
and nonlinear integral equations of the form

1) F(x) = h(x) + fx V(u, 0)f(v).

In the linear setting, f and A are functions from S to N and V is a function
from S X S to N, where S denotes a linearly ordered set and N denotes a
normed complete ring. In the nonlinear setting, f and & are functions from §
to G and V is a function from § X § to the set of functions mapping G into
G, where G denotes a normed complete Abelian group.

We first outline a sequence of results on the solution of the linear form of
the integral equation in (1). J. S. Mac Nerney [10] introduces classes O @ and
O M of functions from S X S to N such that ¥ € 0@ if, and only if, V is
additive and has bounded variation, and W € O 9 if, and only if, W is
multiplicative and W — 1 has bounded variation. He then establishes a
one-to-one correspondence between the elements of O @ and O 9 and uses
this correspondence to obtain solutions for integral equations of the form
given in (1), where V is assumed to be an element of 0 €.
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The preceding results by Mac Nerney are extended by B. W. Helton [2]. He
introduces classes 04° and OM° of functions from S X S to N such that
V € 0A° if, and only if, [5V exists and [2|V — [V] exists and is equal to
zero for each {a, b} in § X S, and ¥ € OM" if, and only if, JI°(1 + V)
exists and (5|1 + ¥ — II(1 + V)| exists and is equal to zero for each {a, b} in
S X S. In this treatment, the existence of

@ f”V-fV|=o and [|1+v-Ta+¥)|=0

is used to replace the additive and multiplicative conditions required by
Mac Nerney. Helton establishes that, if ¥ has bounded variation, then
V € 04°if, and only if, ¥ € OM?®, and uses this correspondence to obtain
solutions for integral equations of the form

®) f(x) = h(x) + f (U (4, 0) f(u) + V (4, 0) f(2)],

where U and V are assumed to be elements of 0A° having bounded variation.
These results are extensions of the results by Mac Nerney since 0@ is a
proper subset of the set to which ¥ belongs if, and only if, ¥ has bounded
variation and is in 0A4°.

In turn, the results by B. W. Helton are extended by J. C. Helton [4]-{6].
Here, requirements pertaining to the existence of the integrals in (2) are
dropped. It is established that, if ¥ has bounded variation, then f5 ¥ exists for
each {a, b} in S X S if, and only if, ,II°(1 + V) exists for each {a, b} in
S X S, and this correspondence is used to obtain solutions for integral
equations of the form given in (3), where U and ¥V are assumed to be
integrable functions of bounded variation. These results are extensions of the
results by B. W. Helton since the set of all functions in 04° with bounded
variation is a proper subset of the set to which V belongs if, and only if, ¥ has
bounded variation and [2V exists for each {a, b} in S X S. However, it
should bé noted that S is assumed to be a closed number interval in this
development.

We have just outlined a sequence of results on the solution of the linear
form of the integral equation in (1). We now provide a similar outline for its
nonlinear form. J. S. Mac Nerney [11] generalizes his results on the solution
of the linear equation to corresponding results for the nonlinear equation. To
do this, he redefines © @ and O 9. Now, O @ and O 9N are sets of functions
from S X S to the set of functions mapping a normed complete Abelian
group G into itself (and 0 and into 0) such that ¥ € O @ if, and only if, V is
additive and there exists an additive function a from § X S to the nonnega-
tive numbers such that, if {x,y, P, Q}isin § X § X G X G, then
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@ IV (5 0)P - V(x.%)0]< a(x»)|P - 0],
and W € 091 if, and only if, W is multiplicative and there exists a

multiplicative function p from S X S to the set of numbers not less than one
such that, if {x,y, P, Q}isinS X § X G X G, then

Il () = 1]1P =[W(x,9) = 110 <[ p(x.») - 1]|P - @]
He then establishes a one-to-one correspondence between the elements of O @
and O9N and uses this correspondence to obtain solutions for integral
equations fo the form given in (1), where V is assumed to be an element of
the redefined set O €. (REMARK. Unless noted otherwise, any future reference
to O @ or O 9N will pertain to the sets defined in this paragraph.)

The preceding nonlinear results by J. S. Mac Nerney, as well as the linear
results by B. W. Helton, are extended by A. J. Kay [9]. He defines an analog
of the integrals in (2) for the nonlinear setting studied by Mac Nerney. In
particular, two functions M and N from § X S to the set of functions
mapping G into G are defined to be differentially equivalent if, and only if,
there exists a function k from § X S to the nonnegative numbers such that, if
{x,y,P}isin S X S X G, then [}k =0 and

1M (x,3)P = N (x,)P| < k(x»)|P]-

Kay establishes that, if ¥ is an element of O @ and W is the corresponding
element of O 9N, then the set of all functions differentially equivalent to ¥ is
the same as the set of all functions differentially equivalent to W — 1, and
uses this correspondence to obtain solutions for integral equations of the form
given in (3), where U and V are assumed to be functions which are
differentially equivalent to elements of O@. These resujts extend J. S.
Mac Nerney’s results since O @ is a proper subset of the set of all functions
differentially equivalent to O @. Further, the results by B. W. Helton are also
extended since the set to which ¥ belongs if, and only if, ¥ has bounded
variation and V is in OA® is a proper subset of the set of all functions
differentially equivalent to 0 &.

The purpose of this paper is to extend the results of A. J. Kay by
considering a broader class of functions than those differentially equivalent to
0 &. This extension is analogous to the extension by J. C. Helton for results
obtained by B. W. Helton, where requirements involving the integrals in (2)
are dropped. In particular, it is established that, if ¥ is a function from S X §
to the set of all functions mapping G into G and there exists a function «
from S X S to the nonnegative numbers such that, if {x,y, P, Q} is in
S X 8§ X G X G, then the inequality in (4) is satisfied, then (2 VP exists for
each {a,b, P} in S X § X G if, and only if, ,II®(1 + V)P exists for each
{a,b, P}in § X § X G. This correspondence is used to obtain solutions for
integral equations of the form given in (3), where U and V are assumed to be
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functions such that, if {x,y, P, Q}isin S X § X G X G, then each of [,UP
and (Y VP exists and each of U and V satisfies the Lipschitz condition implied
by the inequality in (4). These results extend Kay’s results since the set of all
functions differentially equivalent to O @ is a proper subset of the set of all
functions satisfying the conditions described at the end of the preceding
sentence.

In the foregoing, we have described where the results of this paper stand in
regard to other closely related papers on the solution of linear and nonlinear
forms of the integral equations in (1) and (3). These relationships are
summarized in Table 1.

TasLE 1. Solutions of f(x) = h(x) + [ [ U(u, 0)f() + ¥ (1, v) f(v)]

Linear Results Nonlinear Results
J.S.MacNerney [10]  — J. S. Mac Nerney [11]
y \)
B. W. Helton [2] - A.J.Kay [9]
i: y
J. C. Helton [4], [5], [6] - present work

2. Definitions. In the following, S denotes a nondegenerate set with a linear
ordering 0, {G, +, |- ||} denotes a normed complete Abelian group with
zero element 0 and H denotes the set of all functions from G to G to which
{0, 0} belongs, with identity function 1.

If V is a function from S X S to G and {a, b} is in § X S, then the
statement that f5¥ exists means there exists an element L of G such that, if
e > 0, then there exists a subdivision D of {a, b} such that, if {x;}7.ois a
refinement of D, then

<eg,

g

i=]

where V; denotes V(x;_;, x) fori=1,2,...,n. If V is a function from
S XS to H and {a,b,P} is in § X § X G, then the statement that
JIP(1 + V)P exists means there exists an element L of G such that, if ¢ > 0,
then there exists a subdivision D of {a, b} such that, if {x,}}., is a refinement
of D, then

<eg,

i=]

W—ﬁa+nﬂ

20nly results which pertain to the present study are included in this table.
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where [I7.,(1 + V})P denotes the image of P under continued function
composition.

If V is a function from S X § to H, then the statement that V has
Lipschitz function a means that a is an additive function from S X S to the
nonnegative numbers such that, if {x,y, P, Q}isin S X § X G X G, then

[V(x.2)P = V(x,)Q| < a(x,»)|P - Q]
The statement that V satisfies the Lipschitz condition means that such a
function a exists.

The symbol O denotes the set of functions from S X S to H such that ¥
isin 0§ if, and only if, (i) /5 VP exists for each {a, b, P}inS X § X G, and
(ii) V satisfies the Lipschitz condition. The symbol O 9 denotes the set of
functions from S X S to H such that V is in 0% if, and only if, (i)
JI(1 + V)P exists for each {a, b, P} in S X S X G, and (ii) V satisfies the
Lipschitz condition. The representations S and O 9 are selected to suggest
sum integrable functions and product integrable functions, respectively.

The set of all functions differentially equivalent to Mac Nerney’s set 0 @
(for the nonlinear setting) is a proper subset of O 5. With regard to this, the
reader is referred to results by W. D. L. Appling [1, Theorem 2, p. 155] and J.
C. Helton [3, p. 153].

A function A from S to G has bounded variation if, and only if, there is an
additive function B from § X S to the nonnegative numbers such that, if
{x,y}isin S X S, then

[#(») = h(X)| < B(x, ).

Further, a function 4 from S to G is quasi-continuous if, and only if, there
exists a sequence {4}, of functions of bounded variation from S to G such
that, if {x,y} isin § X S, then {A;}72, converges uniformly to 4 on {x, y}.
Unless S has the least upper bound property, the preceding definition of
quasi-continuous may be requiring more than the existence of right and left
limits. For example, if S = R — {0} and A(x) = 1/x, then k has right and
left limits but is not quasi-continuous in the sense just defined.

Certain simplifying notations are now presented. Suppose {a, b} is in
S X 8, {x;}7.o is a subdivision of {a, b}, f is a function defined on S and V'
is a function defined on § X S. Then, f, = f(x;) fori=0,1,..., nand, as
noted earlier, ¥; = V(x,_;, x;) fori = 1,2,..., n. Further, if {x;};% de-
notes a subdivision of {x;_,, x;} for i =1,2,...,n, then f; = f(x) for i =
L2...,n and j=0,1,...,n@), and ¥; = V(x;;_, x;) for i=
L2,...,nandj=12,...,n().

Additional background on the results in this paper and on product
integration in general can be obtained in papers by J. C. Helton [6], J. C.
Helton and S. Stuckwisch [7], A. J. Kay [9], B. W. Helton [2], J. S.
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Mac Nerney [10], [11] and P. R. Masani [12].

3. Results. We initially establish an existence theorem for sum integrals.
This result is useful later in our development.

THEOREM 1. If f and g are quasi-continuous functions from S to G and V' is in
0S5, then

G) 15 V(u, )l f(u) + g(v)]
and

@) S22V @) + g(v)]
exist and are equal for each {a,b} in § X S.

Proor. The existence of the integral in (ii) follows by an argument similar
to the one used by J. S. Mac Nerney [11, Lemma 2.2, p. 629] to establish the
existence of right integrals of the form [5¥ (u, v) g(v), where V is additive
and g is quasi-continuous. We now establish that the integral in (i) exists and
is equal to the integral in (ii). Suppose {a, b} isin § X S and e > 0.

It follows from the existence of the integral in (ii) that there exists a
subdivision D, of {a, b} such that, if {s;}7., is a refinement of D, then

f[f ][f(“)+g(v) E[fV]f +g]| <

where [,V = ;;_IVfori =12,...,m

Let a denote a Lipschitz function for V. Since f and g are quasi-continuous,
there exists a subdivision D, of {a, b} such that, if {s,}7. is a refinement of
D, and {s;}7) is a subdivision of {s;_,, 5;} fori = 1,2,..., m, then

ulm

m m(i)
‘21 'Zl “(j;‘—l - f;’,i—l) +(& - g,—,-)||a,~,~< e/3.
= Jj=
Let {s5,}7=¢ denote the subdivision D, U D, of {a, b}. Fori=1,2,...,m,

there exists a subdivision E; of {s;_,, 5,} such that, if {s;}7<} is a refinement
of E, then

m(i)

fsl Vifici+&]l - 21 Vil fi-1 + &)
Si— j=

<3

Let D denote the subdivision LI L ,E; of {a, b}. Further, suppose {x;}}-o
is a refinement of D, {s,)7<} is a refmement of E;fori=1,2,...,m,and
{X;}}=0 is equal to LI,_,{ 17y Now,
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n

" [+ 2@1- S vis+s]

j:l
< ﬁl [[V][f;-l +g] - il Vifio1 + glll +¢/3
= ¢ Jj=
m m | m(i)
2 [ra1-2T V.,-J[f:--. +g]
i=11" i=1] j=
m | m(i) m m()
+ ’21 2] Vii}[-ﬁ’—l +gt] —.2] 21 I/xj[f;‘j_l +gy] +£/3
i=1] j= i=1 j=
m | m(i) m m(i)
< 2 2 Vij [f;‘—l +gi] - 2 2 V;j[ﬁ,‘—l +gfj]
i=1| j=1 i=1 j=1
+m(e/3m) + ¢/3
m m(i)
<_21 21 I fi-1t+ 8] = [ £y +g,~j]"a,-j+2e/3
i=1 j=

<ef3+2/3=¢

Therefore, the integral in (i) exists and is equal to the integral in (ii). This
completes the proof of Theorem 1.
We now establish that, if V is in 0S, then V is in © ?. Four lemmas are

needed.

LemMA 2.1. If V is in O5 and U(x,y)P = [,VP for each {x,y, P} in
SXSXG,thenUisin 0.

ProoOF. This lemma follows from a result established by J. S. Mac Nerney
[11, Theorem 1.1, p. 624].

LEMMA 22. If Vis in 08 and {L,}?., is a sequence of elements of H such
that '
Ly(x,y)P=P

and
LxnP=P+ ([ )L )P

forn=12,... and each {x,y, P}in S X S X G, then
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y .
I (1 +f V)P = lim L,(x, y)P
foreach {x,y,P}inS X S X G.

Proor. This lemma is an adaptation of a result established by J. S.
Mac Nerney [11, Corollary 2.2, p. 630).

LeMMA 23. If Vis in OS and {L,}7., is a sequence of elements of H such
that

Ly(x,y)P = P
and
y
L(% )P =P+ [V (4 0)L,_,(0,7)P
X
forn=1,2,... and each {x,y, P} in S X § X G, then

iy (1 +f V)P = lim L,(x,»)P

for each {x,y,P}inS X S X G.

Proor. This lemma follows as a corollary to Lemma 2.2 and Theorem 1

since
fx y( fu "V)g(v) = fx ¥ (u, ) g(v)

whenever g is a quasi-continuous function from S to G defined on {x, y}.

LemMA 24. If V is in OS with Lipschitz function a and {a, b} isin S X S,
then there exists a number B such that, if w is a positive integer, e > 0 and P is
in G, then there exists a subdivision D of {a, b} such that, if {x;}]uo is a
refinement of D, 1 < k < m, and {y;}} ., is a refinement of {x;}7_, then

ﬁ (1+ V)P - L,(x%, b)P"< B|| P, (x5 b) + &,
j=1

where L, is defined in the statement of Lemma 2.3, ay(x, y) = a(x, y) for each
subdivision {a, x,y, b} of {a, b} and

&%) = ["a(u 0)ai_i (17

fori=2,3,... and each subdivision {a, x, y, b} of {a, b}.

PROOF. Let B represent a number such that, if {a, x, b} is a subdivision of
{a, b} and P is in G, then
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< B||P|

Ha+nw-4
i=1

for each subdivision {x;}}.q of {x, b}.

The lemma is established by induction on w. Suppose w = 1, ¢ > 0 and P
is in G. There exists a subdivision D of {a, b} such that, if {x;}7., is a
refinement of D, 1 < k < m, and {y;}}.., is a refinement of {x,}7.;, then

b n
[vp-Zvp
Xk Jj=1

<e

Suppose {x;}7., is a refinement of D, 1 < k < m, and {y,}}., is a refine-
ment of {x;}7w. Now,

il (1+ V)P = Ly(% b)P“

Jj=1

[P+ Sv, T+ V,,)P] ~ {P-l-LfVP}

Jj=1  g=j+1

+e

n n n
JZTv, I a+v)p-3Iyp
J=1 = g=j+1 Jj=1

il (1+V,)P-P

q=j+1

<3

: oG +e
Jj=1

n
< Bjp| > o+e
Jj=1
= B||P||a,(xk, b) + e

Thus, the lemma is established for w = 1.

The lemma is now assumed to be true for w and established for w + 1.
Suppose € > 0 and P is in G. There exists a subdivision D, of {a, b} such
that, if {x;}7., is a refinement of D;, 1 < k < m, and { y;}]. is a refinement
of {x;}7us, then

b n
fx V(s 9)Ly(0, )P - Z‘,l V,L,(y, b)P

€
<2.

From the induction hypothesis, there exists a subdivision D, of {a, b} such
that, if {x;}7., is a refinement of D,, 1 < k < m, and { y;}}. is a refinement
of {x;}7ws then
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n
L (1+ V)P = L(x. 5)P
J=
where ¢, = ¢[2 + 2a(a, b)]™".
Let D denote the subdivision D, U D, of {a, b}. Suppose {x;}7uq is a
refinement of D, 1 < k < m, and {y;}]., is a refinement of {x;}}.,. Now,

< B||P||a,, (s, b) + ¢y,

fI (1+ Vj)P = Ly (% b)PII

Jj=1
n n b
= p+2p} 1I (l+Vq)P} - P+f V(u,v)Lw(v,b)P}
J=1" g=j+1 ‘*
n n n
<[Zv, I (1+v,)P-3VL,(yb)P|+e/2
j=1 g=j+1 j=1

I+ V)P = L,(y, b)P

q=j+1

<3

]
o+ =
j=1 72

< .21 [B"P"aw(yj, b) + e,]aj + %
J-

n
€
20!,-""2'

Jj=1

n
= BIP| 2 oja, (5, 5) + e
I-

b €, €
< B|P| fx a(m0)a,(00) + 5+ 5
= B||P||&,+1 (%5 b) + &.

Thus, the lemma is established for w + 1. This completes the proof of Lemma
24.

THEOREM 2. If Visin OS, then Vis in O 9 and
b b
J a+wvyp=,11 (1 +fV)P
Sor each {a, b, P}in S X S X G.

PROOF. Since V has a Lipschitz function e, it is only necessary to establish
that the product integral associated with V exists. Let {a, b, P} belong to
S X § X G. From Lemma 2.1, we have that ,JI°(1 + fV)P exists. In the
following, it is established that ,JI°(1 + V)P exists and is equal to this
integral. Lete > 0.

Let B denote a number with the properties described in Lemma 2.4. There
exists a positive integer N, such that, if w > N, then
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B||P||a,(a, b) < &/3.

Further, it follows from Lemma 2.3 that there exists a positive integer N, such
that, if w > N,, then

By (1 +fV)P ~ L(ab)P|<

where L, (a, b) is defined in tke statement of Lemma 2.3.

Let w be an integer greater than N, + N,. It follows from Lemma 2.4 that
there exists a subdivision D of {a, b} such that, if {x;}}., is a refinement of
D, then

Suppose {x;}7.¢ is a refinement of D. Now,

aHb(l +fV) “Tla+ V)P"

b)P — il 1+ V)P
i=]

'< B||P|e,(a, b) + % .

i=1

<’|Lw(a, b)P - H 1+ V,)P|+

im]

£
3
< B||P||a,(a, b) + /3 + ¢/3
<ef3+e/3+¢/3=c¢
Therefore, ,JI?(1 + V)P exists and is equal to ,II(1 + [ V)P. This completes
the proof of Theorem 2.
We now establish that, if ¥V isin O %P, then Visin 0S. Three lemmas are
needed.

LeMMA3.1. If Visin O and

U(x, y)P=[,H’ a+v)-1]p
for each {x,y, P}inS X S X G,thenUisin0S.

PROOF. This lemma follows from a result established by J. S. Mac Nerney
[11, Theorem 1.1, p. 624].

LEMMA 3.2. If a is an additive function from S X S to the nonnegative
numbers, {a, b} is in S X S and & > 0, then there exists a subdivision D of
{a, b} such that, if {x;}}. is a refinement of D and {x, }"“0 is a subdivision of
{xi—px;}fori=1,2,...,n,then

n | nQ)

2 H(l+ay)—(l+a,-) <e

i=1] j=1
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Proor. This lemma is an adaptation of a result established by J. S.
Mac Nerney [10, Theorem 2.3, p. 152].

Lemma 3.3. If {V;}i., is a sequence with values in H and {o;}i., is a
numerical sequence such that, if {P, Q} isin G X G, then
IViP = ViQ| < P — 0
fori=1,2,...,n, then (conclusion) for each {P,Q} in G X G,
n n
Ha+v)- 1]P—[ Ha+v)- I]Q“

®
<[ (1 +a)- l]uP -0l
i=]
and
[I"I(H vylp-|1+3 K]P
(ii) i=] i=1

<[ fla+a-1 +§m)]ﬂ?ﬂ-

i=]

ProoF. This lemma is an adaptation of a result established by J. S.
Mac Nerney [11, Lemma 1.1, p. 623].

THEOREM 3. If Visin O P, then Visin OS and

fVP f [Ma+v)-1]p

Jor each {a,b, P}inS X S X G.

PRroOF. Since V has a Lipschitz function a, it is only necessary to establish
that the sum integral associated with V exists. Let {a, b, P} belong to
S X § X G. From Lemma 3.1, we have that f5[TI(1 + V) — 1]P exists. In
the following, it is established that [ VP exists and is equal to this integral.
Lete > 0.

It follows from Lemmas 3.1 and 3.2 that there exists a subdivision E of
{a, b} such that, if {s5;}7., is a refinement of E and {s;,}7Y) is a subdivision
of {s;_,5;}forj=1,2,...,m,then

fab[H(1+ V)—I]P- [:, lH(l+ V)—l] %

and
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m [ mQ)
2[H(n+evjk>—(l+cv,)

Pi<£.
PAPS IPI<3

For convenience, suppose E = {s;} ..o
Forj=1,2,..., m, there exists a subdivision E; of {s;_,, 5;} such that, if

{51 )74 is a refinement of Ej, then

m(j)

9 €
AN INGE V)P—kl}l(l + Vi) P|< 55 -

Let D denote the subdivision U /., E; of {a, b}. Further, suppose {x;}7-o
is a refinement of D, {s; }7Y) is a subdivision of {s;_;, 5;} forj =1,2,...,m

and {x;}7.o1s equal to U 7L ,{s; )7 Now,

“f,,b[n(‘ +v)=1]p-3vp

i=]

S,

< f‘, [%HJ(H V) - i|p - 2 V,p

+ £
j=1 i=1 3

m [ M) 1 n
< 2[H(l+lf,.k)—l P-> VP +§+§-
Jj=1] k=1 ] im]
m [|m0) m(j) 5
<X H(1+I/J-k)P—(1+2 ij)P +5
J=1|lk=1 k=1
m [ m0) m()) 2%
< |Ma+a)- |1+ 2 ay IPI+ 5
Jj=1 _k-l jou 1
[Lemma 3.3]

<ef3+2/3=¢

Therefore, 5 VP exists and is equal to f5[II(1 + V) — 1]P. This completes
the proof of Theorem 3.

The following theorem summarizes the results of Theorems 2 and 3.

THEOREM 4. If V is a function from S X S to H, then the following
Statements are equivalent:

() Visin0§,and
QVisin09.
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Proor. This theorem follows as a corollary to Theorems 2 and 3.
The solution of the homogeneous integral equation

fx) =P+ [ (U 0)f () + V(1 0)f(v)]
is now obtained. Four lemmas are needed.

LEMMA 5.1. If b < 1, U and V are functions in © & with Lipschitz functions a
and B, respectively, and 8 < b, then I’ (1 — [V)~(1 + [U)P exists for each
{x,y,P}inS XS XG.

Proor. This lemma is an adaptation of a result established by A. J. Kay [9,
Theorem 3.2, p. 209].

REMARK. For a discussion of inverses of the form (1 — V)™, the reader is
referred to papers by J. W. Neuberger [13] and J. V. Herod [8].

LeMMA 52. If b < 1, U and V are in O& with Lipschitz functions a and B,
respectively, 8 < b, {x,y, P} isin S X S X G and € > 0, then there exists a
subdivision D of {x,y} such that, if {x)!-o is a refinement of D and
1< i< n,then

H(‘ “fiV)-](‘ +fu )P —(1=V)T A+ UyP

ProoF. This lemma follows from the integrability of U and ¥ and certain
inequalities given by J. V. Herod [8, inequalities (1) and (3), p. 188].

LEMMA 53. If b < 1, U and V are in O with Lipschitz functions a and f3,
respectively, and B < b, then

o Ira- V)~'(1 + U)P
exists and is equal to

G I’ - y»)~'a + JU)pP
for each {x,y, P} in S X § X G.

PROOF. The existence of the integral in (ii) follows from Lemma 5.1. Let K
and L denote elements of H such that

K=U+Vv(1-V)'(1+0)

<&

and
L=fU+fV(1—fV)-‘(l+fU).
By applying the identity
m (1-B)'(1+4)=1+4+B(1-B) '(1+4),

we have that II’(1 + L)P is equal to the integral in (ii). For each {x, y, P}
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in § X § X G, it follows from Theorem 3 that [YLP exists and from
Theorem 2 that

) Ry (1 +fL)P =11 a+rpr.

For each {x,y, P}in S X S X G, it follows by using Theorem 1 that

j:vLP=fxy[U+ V(l —fV)_l(l +fU)]P,

and hence it follows by using Lemma 3.2 that (% KP exists and that
3 "kP= [’LP.
® itad|

Further, for each {x,y, P} in § X S X G, it follows by using Theorem 2
that ,II” (1 + K)P exists and that

@ I a+xp=I" (1 +f1<)P,

and it also follows from the identity in (1) that ,I[’(1 + K)P is equal to the
integral in (i).
By using the equalities in (2), (3) and (4), we have

Ja+xp=TI"q+LP
for each {x,y, P} in § X S X G. Therefore, since ,II’(1 + K)P is equal to
the integral in (i) and ,J[”(1 + L)P is equal to the integral in (ii), the desired
equality is established. This completes the proof of Lemma 5.3.

LemMa 54.If b < 1, {c, P} is in S X G, f is a function from S to G, U and
V are functions in O @ with Lipschitz functions a and B, respectively, B < b,
and U'(y, x)Q and V'(y, x)Q are equal to U(x,y)Q and V (x,y)Q, respec-
tively, for each {x,y,Q} in S X S X G, then the two statements in the
conclusion of Theorem 5 are equivalent.

Proor. This lemma is an adaptation of a result established by A. J. Kay [9,
Theorem 4.3, p. 218].

THEOREM 5. If b < 1, {c, P} isin S X G, f is a function from S to G, U and
V are functions in ©S with Lipschitz functions a and B, respectively, B < b,
and U'(y, x)Q and V'(y, x)Q are equal to U(x,y)Q and V(x,y)Q, respec-
tively, for each {x,y, Q} in S X S X G, then the following statements are
equivalent:

(1) f has bounded variation and

f(x)=P+ f (U (u 0)f(u) + V(% 0)£(0)]
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for each x in S, and

) fx) =1 a-v)'a+uvp
Jor each x in S.

Proor. [(1) - (2)]. Suppose (1) is true. Then, by employing Theorem 1, we
have that

f(x)=P+ fc U u 0) () + V (1, ) f(v)]

= P+j;x{[fuoU]f(u) +[fu°V]f(o)]

for each x in S. Now, since [U and [V satisfy the hypothesis of Lemma 5.4,

f=1I° [1 - (fV),]-l[l + (fu)']P

for each x in S, where (f4¥)' Q and (J4U) Q are equal to [3VQ and [;UQ,
respectively, for each {#, v, 0} in S X § X G. Thus, by applying Lemma
5.3, we have that

e =I"a-wr'a+uv)p

for each x in S. Therefore, (1) implies (2).
PRrOOF. [(2) = (1)]). Suppose (2) is true. Then, by applying Lemma 5.3, we

o =1" [1 - (fV)']_l[l + (fU)']P

for each x in S, where (f¥) and (JU) are defined as before. Thus, by
applying Lemma 5.4, we have that

109 =2+ [{[ [0]r +[ [¥]))

=P+ [(U(w 0)f() + V(o) (9)),

where the second equality follows from Theorem 1. The bounded variation of
f follows readily. Therefore, (2) implies (1). This completes the proof of
Theorem 5.

In the preceding, we have restricted our study to interval functions in H.
This restriction is now relaxed by considering a new class H* of functions
such that, if ¥ is a function from § X S to the set of functions mapping G
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into G, then V is in H* if, and only if, there exists an additive function y from
S X § to the nonnegative numbers such that, if {x,y} isin S X S, then
2V 0 exists and

[V (% 2)0) < ¥(x, ).
By introducing H*, we are weakening the restraint in the definition of H that
functions must map 0 into 0. Let 05 * and O 9 * be defined with respect to
H* as 05 and O9 are defined with respect to H. The following theorems
follow as corollaries to Theorems 1, 4 and S, respectively, by using a
technique presented by J. S. Mac Nerney [11, Remark, p. 637].

THEOREM 6. If f and g are quasi-continuous functions from S to G and V is in
08 *, then [V (u, v)[f(u) + g(v)] exists for each {a, b} in S X S.

THEOREM 7. If V is a function from S X S to H*, then the following
Statements are equivalent:

(D Visin08* and

QVisin 0P*,

THEOREM 8. If b < 1, {c, P} isin S X G, fis a function from S to G, U and
V are functions in O & * with Lipschitz functions a and B, respectively, each of B
and ||V 0| is less than b, and U'(y, x)Q and V'(y, x)Q are equal to U(x, y)Q
and V(x,y)Q, respectively, for each {x,y, Q} in S X S X G, then the fol-
lowing statements are equivalent:

(1) f has bounded variation and

f(x)=P+ f U, 0)f(w) + V(4 v)£(0)]
for each x in S, and
@) f=I"a-»"a+uv)p
Jor each x in S.

Now that Theorem 8 is available, it is easy to solve the nonhomogeneous
integral equation

X
5@ = hix) + [TU@w 0)f (@) + ¥ ( 0) ()]
where h is a function of bounded variation from S to G.

THEOREM 9. If b< 1, c is in S, f and h are functions from S to G, h has
bounded variation, U and V are functions in © S * with Lipschitz functions a and
B, respectively, each of B and ||V 0| is less than b, T(x,y)Q = U(x,y)Q +
[% dh for each {x,y,Q} in S X S X G, and T'(y, x)Q and V'(y, x)Q are
equal to T(x, y)Q and V (x, y)Q, respectively, for each {x,y, @} in § X § X
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G, then the following statements are equivalent:
(1) f has bounded variation and

5 = hx) + [TV 0)f() + ¥ (w 0)f ()]

Jor each x in S, and

@ fey =I1° = )i + T)h(e)
Jor each x in S.

Proor. The integral equation in (1) can be rewritten as

fx) = h(@) + [ [T(w 0)f(w) + V(4 0)f(2)]-
c
Then the theorem follows as a corollary to Theorem 8.
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